The extended Simon Newcomb Problem  by Drane, F.B & Roselle, D.P
JOURNAL OF COMBINATORIAL THEORY, Series A 24, 348-356 (1978) 
The Extended Simon Newcomb Problem 
F. B. DRANE 
Department of Defense, Fort Meade, Maryland 20742 
AND 
D. P. ROSELLE 
Department of Mathematics, 
Virginia Polytechnic Institute and State University, Blacksburg, Virginia 24061 
Communicated by the Managing Editors 
Received September 19, 1977 
DEDICATED TO JOHN RIORDAN ON THE OCCASION OF HIS 75TH BIRTHD:Y 
The generating function for an extended Simon Newcomb PrQblem is given 
as the inverse of an associated matrix. Particular cases of the Simon Newcomb 
Problem, such as the refined Simon Newcomb Problem, are then obtained by 
calculation of the associated matrix. 
1. INTR~DUC~ON 
Let u = (a1 ) us ,...) uN) be an N-long sequence of elements from 
z, = {I, 2,..., n> such that i occurs Vi times. We call V = {V, , V, ,..., V,} 
the monographic specification of the sequence u. Define (ai, ai+l) to be 
a rise, level, or fall depending as ai < ai+1 , ai = ai+, , or ai > ai+l, respec- 
tively. Enumerating sequences by rises and monographic specification is 
known as the Simon Newcomb problem [l--4]. In [l] Carlitz gives a generating 
function for the number of sequences by rises, falls, levels, and monographic 
specification. This is referred to as the refined S mon Newcomb Problem. 
Define the n x n matrix r = (eii 1 i, j E Z,) to be the digraphic speci- 
fication of the sequence a; i.e., there are eij subscripts k such that (uk , ukfl) = 
Fj). Here we count the distinguished pair (a,., , aI) as one of the pairs 
aky ak+l )* 
In this paper, we give in Section 2 a generating function for the number, 
S(F 1 (j, i)) of sequences o with elements in Z, by digraphic specification 
and distinguished pair. That is, S(r 1 (j, i)) denotes the number of sequences 
u = (a, )..., aN) with a, = i, aN = j and which have digraphic specification r. 
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We note that the numbers S(r(j, i)) have been determined explicitly by 
Wilf and Hutchinson [5]. 
In Section 3, we apply the result of Section 2 to obtain Carlitz’s generating 
function [l] for the refined Simon Newcomb problem. From the result of 
Section 3 we give a short derivation of the generating function obtained by 
Carlitz and Vaughn [3] for the number of compositions of integers by rises, 
falls, levels, and monographic specification. Finally, we show in Section 5 
how to generalize the result of Section 2 to the enumeration of sequences 
by r-graphic specifications. 
2. A GENERATING FUNCTION FORTHENUMBERSS(~I(J i)) 
Let S(I’I (j, i)) be the number of sequences u = (Q, a, ,..., aN) with 
a, = i, a, = j which are of digraphic specification I’. Let (x,, 1 r, s E 2,) 
be a set of indeterminates and let 
P&N) = C S(T I(j, i)) xEIXr 
r 
where, for brevity, we have written Xr = 7~Xf; and the summation is to 
extend over those n x n matrices P = (e,,) such that x:i ei, = xi e,< and 
c +.s ers = N. 
We next obtain a recursion satisfied by Pii by classifying the N long 
sequences ending with j by first element and adjoining i to the beginning of 
each such sequence. Thus we obtain 
P,j(N + 1) = C Xdkj(N) (N Z 1). (2.1) 
k 
The recursion (2.1) is better expressed in matrix form. Define the n x n 
matrices 
x75 = cd, 
Thus, the recursion (2.1) may be restated as 
PAN + 1) = -W’,(N) (N 2 1). 
Since P,(l) = 1, , we can iterate (2.2) to obtain 
P,(N + 1) = XnN. 
Next define 
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It then follows at once from (2.3) that we have 
P, = [Z, - X&l. (2.4) 
Rewriting (2.4) in terms of the adjoint, we have evidently established 
THEOREM 1. The generating function for the numbers S(r j (j, i)) is given by 
p 
n 
= 4 tZn - x,1 
det [I, - X,] ’ 
Theorem 1 can be specialized in several ways. We apply it in the following 
paragraph to obtain a generating function first given by Carlitz [I], 
3. SEQUENCES BY NUMBER OF RISES, LEVELS, AND FALLS 
Let S,( I/ j r, I, f) be the number of sequences with elements in Zn which 
have r rises, 1 levels, f falls, and in which i appears Vi times; i.e., which have 
monographic specification Y = (VI ,..,, VJ. Next define the generating 
function 
where 0 ,< V, ,..., V,, , r, Z, f < 03. 
We are now able to state 
THEOREM 2. A generating function for the numbers S,( V I r, I, f) is given by 
where F(n 1 x) = nr=lfi(x) and h(x) = (1 - w& - x)). 
Proof. Make the following substitutions in Theorem 1: 
I xwiifi<j, X(j = zwiifi=j, ywiifi>j. 
Note that with this substitution in Theorem I, the exponents of the wi)s 
account for all but the last element in each sequence. To remedy this excep- 
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tional case, let D, = diag(w, ,,.., w,) be P,(l) in the proof of Theorem 1 
and let c be the n long vector of 1’s. With these substitutions, we see from 
Theorem 1 that 
Qn = cP,D,cT = 
c(adj [Z, - I,] D,J cT 
det [Z, - X,] ’ (3.1) 
To complete the proof of Theorem 2, we must evaluate the numerator 
and denominator appearing in (3.1). This will be done in Lemmas 1 and 2 
below. 
LEMMA 1. Det[Z, - X,] = [xZ$r 1 v) - yR$ ] x)1/(x - v). 
Proof of Lemma 1. For n = 1, Lemma 1 is seen to be true by a simple 
calculation. 
Let n > 1. Then 
1 - zw1 
1 - zw2 -xwj 
det [In - A,] = . . . 
-Ywi 1 - zw,-1 
1 - zw, 
1 - zw1 -f1(x) 0 a** 0 0 
-YM’2 fi(Y) -f&) *** 0 0 
. . . 
’ -YWn-1 0 0 *** f,-,(Y) -fn-l(X) 
-yw, 0 0 . . . 0 fn(Y) 
where the last equality is obtained by replacing col(i) by col(i) - col(d - 1) 
for i = n, n - I,..., 2. Expanding about the last row and using induction, 
we then obtain 
det[Z, - A’,] = fn( y) det[Z,-, - X,-,1 - YW,@ - 1 I ~1. 
Finally, using the fact that 
J+‘.a = Mew -fk(Y)l/(x - Y>, 
we can simplify the above expression to obtain 
(3.2) 
as desired. 
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LEMMA 2. 
c(adj [I, - X,] D,) cT = f wi f A,,(H) 
i=l j=l 
= [r;(n I 4 - Fe I Y)l/(X - Y) 
where A&) is the ij-th cofactor of det[l, - XJ. 
Proof. The first equality of Lemma 2 is evident. To prove the second, 
we consider cases. For j = i, we obtain by direct application of Lemma 1 
that 
&tn) = xF(i - 1 I y) F(i + 1, n I y)/(x - y) 
- yf’ti - 1 I 4 W + 1, n I x)/(x - y>, (3.3) 
where we have written F(r, s j x) = J$=,fi(x) and F(0 I x) - 1. 
If i <j, the calculation is more complicated. We claim 
Aji(n) =yFG-- 1 Ix>F(i+ l,j- 1 I~)F(j~~lx)l(x-~) 
-yF(i- 1 lx)F(i+ l,jIy)F(j+ l,nIx)/(x-y). (3.4) 
Notethatifj=i+l,wewriteF(i+l,j-11y)=lin(3.4). 
For small values of 12, a simple calculation shows (3.4) to be true. Assume 
that n > 2 and let B&z) be the ij-th minor of I, - X,, . We now proceed as 
in Lemma 1 to obtain 
Aji(TZ) = (-l)i+’ Bji(n) 
= (- l)ifi fn(y) B&l - 1) 
+ (- l)i+i(- l)n+l( - l>i-I(- l)fi-j times 
ywnF(i-l~~)F(i+l,~-l~~)(fi(x)-~(y))F~j+1,n-lII.u) 
= fn(.Y) &(n - 1) + (fn(4 -fn(Y)) A& - 1) 
=yF(i- 1 Ix)F(i+ l,j- 1 Iy)(S,(x)-fj(y))F(j+ l,nIx)/(x-Y>, 
where, in the second equality, we have used (3.2) with k = j. It is as straight- 
forward calculation to show that this last can be rewritten as the right 
member of (3.4). 
For i > j, a similar argument yields 
A&) = +xF(j- 1 Iy)Ftj,i- 1 Ix)F(i+ 1,nl~)l(x--Y) 
- xF(j I y) F(j + 1, i - 1 I x) F(i + 1, rz j y)/(x - y). (3.5) 
Let AA(n) be the first term and A;(n) be the second term of (3.3), (3.4), 
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and (3.5). Since A,(n) = --A,f,&) for 1 < j < n - 1, we have at once 
~&(n)=F(i- 1 Ix)F(i+ 1,nlx). 
i=l 
(3-e) 
By (3.2) and (3.6), we then have 
B,(n) = wi i A&l) 7 + F(i 1 x) F(i + 1, Iz / y)/(x - y) 
j=l 
- F(i - 1 1 x) F(i, n ( y)/(x - y). 
Let I&+(n) be the first term of the right member of this last equation and let 
Bi-(n) be the second term. Since B,-(n) = --B&(n) for 1 < i < n - 1, 
the sum C B&) telescopes to give 
c(adj [I - A,] D,) cT = f B&I) = [F(n I x) - F(n I y)]/(x - y) 
i=l 
This evidently establishes Lemma 2 and Theorem 2 follows easily from 
Lemmas 1 and 2 and (3.1). 
4. COMPOSITIONS BY RISES, FALLS, LEVELS, AND LENGTH 
Carlitz and Vaughn [3] have obtained a generating function for compo- 
sitions by rises, falls, levels and length. Thus let S(s, r, l,f, m) be the number 
of solutions in positive integers of the equation 
s = a, + a, + *.* + a, 
such that the sequence u1u2 **a a, has r rises,ffalls, and 1 levels. Define 
G(q, x, y, z, w) = c S(s, r, l,f, m) qsx+yfzzwm. 
THEOREM 3. The generating function for the numbers S(s, r, 1, f, m) is 
given by 
G(x, Y, z, 4, 4) = etw(z - YN - 47wtz - 4) x4& - 4) - yetqwtz - Y)) 
and 
(q)?z = 0 - 4x1 - q2) *** (1 - 4% 
m 
e(x) = Ix0 & = -fjo (1 - q”x)-1. (4.1) 
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Proof: Put wi = & in Theorem 2 and define 
G(n / x) = fi (1 - qirv(z - x)). 
i=O 
Using this and (4.1), we see that 
G(c0 j x) = $I G(n 1 x) 
= fi (1 - q%(z - x)) 
i=l 
= fi (1 - 4?v(z - 4) 
= e(qw(z - x))-‘* 
Theorem 3 now follows from Theorem 2 and (4.2). Namely, we have 
G(n, -4 - G(n I Y) G(q, x, Y, z, “‘1 = i+e xG(n 1 y) _ yG(n (,$ 
e(q+ - u)) - e(qu*(z - 4) 
= xe(qw(z - x)) - ye(qw(z - y)) ’ 
as desired. 
5. r-GRAPHIC SPECIFICATION 
In the second paragraph of the present paper it was shown (see (2.4)) 
that the generating function for sequences with elements in 2, is 
P, = [I - xp. 
Also, it is evident that the generating function for sequences with elements in 
2, by monographic specification is given by [1 - (x1 + x2 + a** + x,)1-l. 
This, of course, suggests a consideration of r-graphic specification for 
r > 3. The answer we give here results from transforming the problem of 
counting sequences from Z, by r-graphic specification to counting sequences 
from 2, with m = n’-l by digrapbic specification with only certain digraphs 
(or pairs) allowed. 
With an N-long sequence u = (a, ,..., aN) of elements from Z, we associate 
an N - r + 2 long sequence A = (A, ,..., AN--T+2) of elements from (Zn)T-l. 
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Here Ai = (aiai+, *.* Q-~). To a pair (Ai, A,+1) of A we in turn associate 
the r-tuple (ai ,..., ai+,-J of Q. 
Let i, j E (2,$-l where, say, i = (a, ,..., a,-,) and j = (b, ,..., b,-,). We 
say that (i, j) is an allowed pair if j = (a2 ,..., a,-, , b,-J. 
An r-graphic specification can now be defined as an n’-l x nr-l matrix 
I’ = (eij [ i, j E (ZJ-l), w h ere ejj is to be the number of adjacent occurrences 
of the pair i, j if that pair is allowed. If on the other hand, the pair i, j is 
not allowed, we set eij = 0 except when it is the end around sequence in 
which case we set edj = 1. 
Let {x,Jl <i,j<n- r ‘1 be a set of indeterminants and define the 
n’-l x n’-l matrix 
x*r = tEijXij), 
where cii = 1 if i, j is allowed or is an end around sequence while eij = 0 
in other cases. With this notation, we can state another version of Theorem 1. 
It is 
THEOREM 4. A generating function for the number, S(r I (j, i)), of sequences 
from Z, by r-graphic specification is 
where we have written Xr = TX:;. 
A direct proof of Theorem 4 is possible but it is also possible to derive 
Theorem 4 from Theorem I. 
Carlitz and Vaughn [3] give a generating function for the number of 
sequences with elements from 2, by rises, falls, levels, monographic speci- 
fication, and maxima, where a maximum is a tuple ai, U~+~ , ai+ with ai+l > 
max(ai , ai+z). The generating function they obtain is the quotient of two 
continuants. Using Theorem 4 and an assignment of the indeterminants 
xij similar to that of Section 3, we obtain at once the Carlitz-Vaughn 
generating function as the inverse of an m2 x m2 matrix. Similarly, other 
restrictions on the sequence lead to the problem of inverting associated 
matrices. Some additional such problems will be investigated in a later paper. 
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